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Pro-C n-crossed modules
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Abstruct:

In this paper we introduce and study a new concept in the theory of crossed
modules which we call "n-crossed module”, and we define the morphisms between n-
crossed modules, Then we give the Pro-C analoges for these concepts with several
various results on constructing Pro-C n-crossed modules from a given Pro-C n-
crossed modules, Finally we give and study the pull-back concept in the category of
Fro-C n-crossed modules,
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Introduction:

Crossed module are usefully regaded as 2-dimensional forms of groups,
they introduced by J.H.C. Whitehead in [10].Crossed modules occur in the
theory of group presentations,in group cohomology and in providing algebraic
modules for certain homotopy types, for history we refer to [7],[8] and [11] .

There are profinite analogues of each of these contexts. A profinite group is
a projective (inverse) limit of projective (inverse) system of finite groups, where
the finite groups are given the discrete topology. Maoreover, the profinite group
is a compact,Hausdorff and totally disconnected topological group since the
open normal subgroups of such group serves as a neighbourhood basis of the
identity. For basic definitions and results in the theory of profinite group we refer
to [3] and [9].

In this paper C will denote a class of finite groups which closed under the
formation of subgroups, homomorphic images,qoutient groups and finite
products. Pro-C groups are profinite groups whose finite quotients are in C.
Hence Pro-C group is a natural generalization of profinite group.

Almost all of the algebraic results of crossed modules would seem to
generalise, with suilable modifications, to the case where the groups involved
are profinite groups or Pro-C groups and the homomorphism and action are
continuous, For previous work we refer to [4] and [5].For recent work see [1].

We recall here that a crossed G-module ( B,G)6 ) is a group
homemerphism & B—G and an action of a group G on the left of a group B,
(g.b) — g.b =% such that satisfies the following two axioms:

(CM1) B(g.b)=gd(bla” forallgeG , beB ;
(CM2) 8(b,).b,= b, by by, for all by,b;eB.
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The usual notation of a crossed module 8:B—G is ( B,G;5 ) regardless of
whether the action of G on B is from left or right. In this paper we need to
distinguish  between the sides of that action. So, if the action of G on B is from
left ,we will write the crossed module 3:B—G as (5,G;B), i.e. by putting G to
the left of B,and if the action of G on B is from right ,we will write the crossed
module 8:B—G as (B; §,G) ,i.e. by butting G to the right of B. This new notation
makes our study to this new concept easy. For example if (5:,G;B),

(82,G2:B),...., (81,G,;B) are left crossed modules ,then we can simply use the
notation (061,G1; 02,6, ;...;0,,G, ;B) to denotes a left n-crossed module.
Similarly the notation (B;84,G;; 8,,G; ;...;8,,G, ) denotes a right n-crossed
module.

We recall here that a morphism (04,0, ): (5,G;B) —(&8,G ;B ) of left crossed
module consists of group homomorphisms 0,:G—G , 0,:B —B ‘such that ,
56,= 65 and 0,(°b) = ?1\&),(b) for all ge G and beB.

1- n-Crossed Module:
Definition(1-1):

A left n-crossed module (5,,Gy; 8,,G2;...;0,.G, ;B) consists of left crossed
modules (81,G1;B), (82,G2;B),...., (8,,Gn;B) such that:
In(Gn-1-(... (2.(91.D))..)= @i, ( Qi ,-(...(Qi, (g4,.D))...) ...(1-1-1)
for all g1€Gy, 92€6,,...,8,€G, and beB where iy ix=...#i,=1,2,...,n; and i #j
forany j=1,2,....n.

The condition (1-1-1) means that the left n-actions of the groups G;,Gs,...,G,
on B are compatible, and that the permutation of the left n-actions of the groups
G4,G;,...,G, on B which are commute with each other is equal to n! .

To explain the definition (1-1) and the condition (1-1-1), suppose n=2 , then
we have a left 2-crossed module or bi-crossed module,( 81,G+;8,,G,;B),{for
basic definition we refer to [6] },such that;

92.(91.b)= g1.(g2.b)
for all g1€G+, 922G, and beB. We see here that the permutation of the two left
actions of G4 and G, on B which are commutative with each other is equal to 2!.

Also if we suppose that n=3 , then we have a left 3-crossed module
(04,G4;02,G2:03,G3;B) such that ;

93:(92:(91.b))= 95.(91.(92:b))= 91.(93.(92.0))= 91.(92-(92-b))= 92.(9+.(ga-b))=

92-(ga-(91-b))
for all g1eGy, 926G, ,93eG3 and beB. We see here that the permutation of the
3-actions of G,,G,and G;on B which are commutative with each other is equal
to 3!=6 .
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Definition (1-2):

Let (84,G+;02,G;7;...;6,,G,;B) and (o4,H;;02,Hs;...;0,,H,;M) be left n-crossed
modules .An n-morphism ;
(04,03,...,0041):(81,G1;82,G2:..;:00,Gn;B)>(01,H:02,H2;..;0,,HsM)  Consists  of
morphisms (B1,Bn+1):(61,G1;B)—)(U1,H1;M) i (92.0n+1):(62,G2;B)—>(UQ,H2;M)
ver 1 (00,0541 ):(01,Gri B)—(0,,Hn; M) of left crossed modules .

We remark here the n-morphism (81,0s,...,0,.1) preserves the compatibility
of the n left actions of the groups G4,G,,...,G,on B, i.e.
01(91)-(02(g2)-(-. -(8n(gn )-8n+1(D))...)= 04 (94, )-8, (94, )-(--. (8, (i, )- Bns1(D))-..)
where ij# ix#...# i,=1,2,...,n.

The Pro-C analogues of definitions (1-1) and (1-2) are now easy to
give.

Definition (1-3):

A left Pro-C n-crossed module (84,G1;0,,G5 ;...;0,,G, ;B) is a left n- crossed
module in which G, G,,...,G, and B are Pro-C topological groups ,each of
G;,G;,...,G, acts continuously on the left of B and the group homomorphisms
081:B—>G; ,0,:B—Gs,..., 8,:B—>G, are continuous.

Definition (1-4):

A (contiuous) n-morphism
(04,02,...,60+1):(81,G1,82,G2 ;....;60,Gr 1B)—=>(01,H1;02,Hz;. .. ;0n,HaM)
of left Pro-C n-crossed modules is a n-morphism between left n-crossed
modules in which 04:Gi—H, , 0,:G;—»H,,..., 8,,G,—»H, and 6,.1:B—>M are
continuous group homomorphisms.

Proposition (1-5):

Let a Pro-C group G acts continuously from the right on a Pro-C group B.
For all geG and beB , define
%_b  ..(1-51)
which is a continuous left action of G on B, and that (B; 8,G) is a right Pro-C
crossed module if, and only if, (5,G;B) is a left Pro-C crossed module.

Proof:
It easy to check that the relation (1-5-1) defines a continuous left action of a
Pro-C group G on a Pro-C group B.
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Now suppose that (B;5,G) is a right Pro-C crossed module. Therefore
6:B—G is a continuous group homomorphism .So, we need only to satisfy the
crossed module axioms (CM1) and (CM2) :

(CM1) for all geG and beB,

3(°b) = 8(b®")
=(g")"8(b) g . (since (B:5,G) s a right Pro-C crossed module)
=go(b)g"
(CM2) for all by,b, B,
80Jp, = b, 00 )
= (b, ")"by by, (since (B;3,G) is a right Pro-C crossed module)
=b, by by

Thus (5,G;B) is a left Pro-C crossed module. Similarly, we can prove the
converse direction.

1- Various results on Pro-C n-crossed module :

In this section we give a several various results on constructing Pro-C n-
crossed modules from a given Pro-C n-crossed module or a given Pro-C
crossed module.

Proposition (2-1):
The following statements are equivalent :
(i) (84,G4;0,,G5;...;0,,G, :B) is a left Pro-C n-crossed module.
(i) (B;51,G1;02,G3;...;0,,Gy)is a right Pro-C n-crossed module.
(i ) (84,G1;02,G2 ;...;0,Gi iB; 0i41,Gjs1;...:0,,Gy) is @ Pro-C n-crossed module
which is left from 1 to i and is right from i+1ton .
Proof:
(i)=(ii): Suppose (i), therefore (6:,G1;B).(52,Gz;B),.., (5,,Gn;B) are left Pro-C

n-crossed modules.From proposition (1-5) there are right Pro-C crossed
modules (B;51,G4), (B;0,,Gz),...., (B;d,,G,) such that;

%=%"p ... (2-1-1)
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for all beB, gieG; and i=1,2,...,n. To prove ( ii ) we need only to show that ;
(.- (0.81) G2)-.. -Gnt) n=(.-((093) - Gi,)- - 9i,,) - G,
for all g1€G4,0,€G5,...,0,€G, and beB,where iy# i#...#i,=1,2,...,.n.
From (2-1-1) we have ;
(- ((b.g1) -92).-- 1) Gn= Gn "+(@nt (... (@27 -(@17D))...)
=g; ".(gi (g, (g b)) . (since
81,561,825z ;...:06,,Gn ;B) is a left Pro-C n-crossed module )

=(..((b-gi)-94,).. -9, ) Gi, -

Similarly , we can prove (i ) = (iii yand (iii) = (i).

Proposition (2-2):

' If (6,G;B) is a left Pro-C crossed module, then (B;5,G;3,G ;...;0,G) is a right
' Pro-C n-crossed moduie provided that G is abelian.

Proof:

Since (6,G;B) is a left Pro-C crossed module, then by proposition (1-5) we
have (B;5,G) is a right Pro-C crossed module with

-27p .......(2-2-1)
for all geG and beB. We need only to show that
(- ((0:91) G2)-.. -Gn1) - =(..((0:97) - 95,).- - Qi) - G,
for all g1,92,....g,.€G and beB , where i1# ix#...# 1,=1,2,....,n.
From (2-2-1) we have;
(---((0-91) 92)-. Go1) 0= G0 (Gnt (. (82"(g17"D))...)
= (9n'gnt" 9291 )b

=(9i,7"9i,, " 9579 )b

A

, i# Ip#..#1,=1,2,...,n.(since G is abelian)
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=9i, (g4, (- (957( .97 b))...)
=(...((b.g;)-9)... . 8i,,) - Qi
Similarly, we can show that if (5,G;B) is a left Pro-C crossed module then
(0,G;06,G ;...;0,G;B) is a left Pro-C n-crossed module and

(6,G3,G;...:6,G;B;5,G;...;5,G) is a left-right Pro-C n-crossed module provided
that G is abelian Pro-C group. :

Proposition (2-3):
If (61,G1:02,G5 ;...;0,,Gy;B) is a left Pro-C n-crossed module, then :

(i) (@4,G1;02,G3;...;00,Gn;BxB) is a left Pro-C n-crossed module,provided that B
is abelian.

(i) (a1,G1;02,Gz;....;0,GiNie1,Gis 1xGiatiNie2,Gir2%Gisa; .. 1N, Gk G BxB) is a left
Pro-C n-crossed module.

(i) (N1,G1xG1;N2,G2xGy;...iNn GG BxB) is a left Pro-C n-crossed module.

Proof:
To prove (i) we need to show the following :
(i-1) (o;,G;; BxB) is a left Pro-C crossed module.
(i-2)Forall g,€Gy, 926G,,..., g,€G,and m , beB;
In+(Gn-1-(--(92-(g1-(M,D)))...)= @i, (i, -(-.-( 94, (i, - (Mb)))...)
where i i#...#i,=1,2,...,n.

For (i-1), define a left action of G, on BxB for each i=1,2,...,n ,as follows :

%(m,b) = Cim.°b)

for all m,beB,and g,eG; .This action is continuous for each i=1,2,...,n since the
left action of G, on B is continuous for each i=1,2,...,n.

Define a map 0;:BxB — G; for each i=1,2,...,n by ai(m,b) = 5(mb). Clearly a;is a
homomorphism for eachi=1,2,...,n. Since B is abelian and &; is continuous for

B
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each i=1,2,...,n, hence q;is continuous for each i=1,2,...,n. Now ,we will satisfy
the crossed module axioms (CM1) and (CM2).

(CM1) for all (m,b)eBxB,and g;eG, (i=1,2,...,n);
a(%(m,b))= a®m.%b)
=0(°m°b)
=8(% (mb)) \(Gj acts on the left of B for each i=1,2,...,n)
=g;8(mb)g" (since(5,G;B) is a left Pro-C crossed module
for each i=1,2,...,n)
=g a(m,b) g;”
(CM2) for all (m4,b4),(my,b,)eBxB;
ama®(my,by) =52%m, b,)
= (Bi(mabdpyy Simebalyy )
= (Mmzbamyb,"'my " mubobib, 'my, ) (since (5,G:B) s a left Pro-C
crossed module for each i=1,2,...,n)
= (mymym;” bybiby")  (since B is abelian)
=(mz,bz)(M+,bs)(ma,by) "
Hence (a;,G;; BxB) is a left Pro-C crossed module for each i=1,2,... n.
Finally,we need only to satisfy (i-2 ) .For all (m,b)eBxB, and g;G; (i=1,2,...,n);
In+(Gn-1+(-. -(92.(g1.(m,b)))...)
=(90-(Gn-1:(--+(92:(g1-M))...) , Gn-(Gn-t-(--. (92:(91.D))...))
=9, @i, -(--(91,(9i-M))...). i, (9i, , -(-..(95, .(gi, -b))...))
=9i,(9i,,(-(gs, (g - (Mb))...)
The proof is complete .
To prove (i ) we need to show the following :

(ii-1) (0, G;;BxB) is a left Pro-C crossed module for each j=1,2,....i.

"
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(ii-2 ) (n,,GxG;;BxB) is a left Pro-C crossed module for each I=i+1, i+2,...,n.
(-3 ) (@n,h1n)-((@n-1.001)-(. .o ((Gie1,i01):(Gi (- (G2:(@1.(M, D)))..)))....))
=(@r,.hr, )(@r, hr )@, e, )@ (G, (G (M) )))-0))
if ry= r. . #0=1,2,... 0 and r# fug#...# 1=i41,i+2,...,n ,where the right
side of ( ii-3 ) may take different forms depend on the choice of values of
nifn=12, jiorr=i+1,i+2,....n.
The proof of item (ii-1) is similar to ( i-1) above .

For (ii-2) , define a left action of GxG, on BxB for each I=i+1, i+2,...,.n as
follows :

9" (m,b) = Cim." b)

for each (g,h)eGxG, and (m,b)eBxB. This left action is continuous for each
|=i+1, i+2,...,n, since the action of G, on B is continuous for each I=i+1, i+2,...,n.

Define a map n:BxB—>GxG, by ni(m,b) = (8(m),d(b)) for each I=i+1, i+2,...,n.
Clearly n is continuous homomorphism , since §, is continuous homomorphism
for each I=i+1, i+2,...,n .Now, we will satisfy the crossed module axioms (CM1)
and (CM2).

(CM1) For all (m,b)eBxB, and (g,,h)eGxG, (I=i+1, i+2,...,n);
(4" (m,b))= nem." b)
=(GCm) 6("b)

= (g, &(m) g|'1, h, 8/(b) h.'i) , (since(d,G;;B) is a left Pro-C crossed

module for each I=i+1,...,n)

= (g,h) nikm,b) (g,h))"!
(CM2) for all (m4,b1),(m2,bs)eBxB;
qQ {mz.bz}(m b= (Bi{mg).5 (lb))(m 1,b1)

= (5|(mz)m1 ﬁi(bz:'b1]

={m2m1m2'1,b2b1b2'1) . (since(5,G;;B) is a left Pro-C crossed

-8-
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module for each I=i+1,...,n)
=(mg,bz)(my,by)(mz,by) " .
Therefore (n,GxG;;BxB) is a left Pro-C crossed module for each I=i+1, i+2,...,n.
For(ii-3)
(9n.ha)-((9n-1,001)- (.. ((@ie1,1i44)-(Gic(.-(G2:(@1.(M,D)))...)))...))
= (@n-(Gn-1-(- - (Gi1-(Gi-(--(G2-(g1.M))-..)))....)),
Pn-(hp-1. (... o(his1-(ie(...(G2:(g1-D))...)))-..)))
= (9n-(Gn-1-(- - (Fie1-(Gi (- +(G2:(@1.M))...))).... ),
K= (Xo1e (oo o (Kig 06 (oo (X2 (X4.0)).00) D),
where x=g;,j=1,2,...,iand x=h; , j=i+1,i+2,....n .
=(9r,-@r,,(-@r,-@r((Gr(gr-m))...)))...))s
Xs, (X5, (on(Xs,, (X5, (X5, (X5, D)) )))--0))),
Where ri# rp#...# I # Mu# lo#. 2 =12, 0i+1,i+2,..n,
and $q# Sg#...# S| # Sis#Sp#...# Sp=1,2,.. 1 i+1,i+2,... n.
=(gr, (97, (--@r, (97 -(.(9r,(gr,-M))...)))...)),

AP PP OOP L PR (- P G PR (P )) 89)) B
since the left actions of G;,G,..., G,on B
commute with each other,then;

Xs, -(Xs,  (olxs,, (Xs, (X, (X, 2D)))))-0))
=hp (hp (b (@ (@ (s -D)). 0000

=(@r,.hr, (@7, b ) @r, 07 )97 (@1, (G (D)) ))-))
The proof is complete.
Finally , To prove (iii ) we need to show the following :
(iii-1) (n;,GixG;;BxB) is a left Pro-C crossed module for each i=1,2,...,n.
(iii-2 ) For each (m,b)eBxB, and (g;,h;)eGxG; ,i=1,2,...,n ;
(@n:hn)-((@n-1.hn-1)-(...-((92,h2 ) .((@1,h1).(m,b)))...)))...))
=(gr, hr, )(@r,_ hr )@, 0 )@ 0 ) (D)), ))).))

o
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where ry# r#...#r,=1,2,...,n.
The proof of (iii-1 ) is similar to the proof of item (ii-1 ) above.
For (iii-2 ),
(9n.hn)-((Gn-1,hn-1)-(..-((92.h2) .((g1,h1)-(M,b)))...)))....))
= (In+(@n-1-(--+(F2-(g1:m))... )y hn(pare(....(hz-(h1.D)) ... )
=(9r, (@7, (-(@r, (@r-m)).. )0, (hr (B (P D)),

"=

(for ry= ro=...#1r,=1,2,...,n).

=@r, hr )@, hr (@ 0 )@ 07)-(MUD)))...))). )

m=l

Hence the proof is complete.

3- Pull-back in the category of left Pro-C n-crossed modules:

Clearly, the left Pro-C n-crossed modules and the continuous n-morphisms
between them form a category which we denote by Pin-CMod . Similarly we
denote the category of right Pro-C n-crossed modules by P,n-CMod ,and the
category of left-right Pro-C n-crossed modules by P,.,n-CMod .

In this section we will give and study the pull-back in Pin-CMod .
Lemma ( 3-1):

Let  (M1,H2,.-,HnHn+1):(81,G1,02,Ga2;..100,GniB)—(01,K1,02,K3;..,04,K,;,0) - and,
(N1,N25- N e ): A1, HisAz, Ha A, HosM) = (01, K302, Ka;. .;0,, K O)be  continuous n-
morphisms of left Pro-C n-crossed modules. Then we can find a Pro-C n-
crossed module (a4,Lq;a,,Ls;..;a,,L0;R), and a continuous n-morphisms,

(Pe1,PG2:-PGn:PB):(A1,L4;02,L2;. 180, L R)—(81,G+1;02,G2; . ;84,Gn; B)

and,

(PH1,PH2s++ Prn PM): (01, L1302, Lo} 0 5, Las R) = (A, His Az, Has A, Hyy M)
such that,

(M1,Hz2,-- M Mo 1)(PG1:P625- PG PB)Z (M43 M25- oMMt ) (P, Przs - - PHA: PM)

-10 -
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(PH1,PHz: -+ PHn P)
(aq,L;az,Lo;. a0, L0 R) > (M, Hi;A2,Haii A, HoiM)

(Pe1Pe2:--,P6nPB) (N1,Nz0- MM 1)
(H1,Hz,0 Hns e 1)
(81,G1;02,G5;..;00,Gn;B) >(04,Ky;02,Ks;..,00, K, O)

Proof:

Let Li= { (g,h) € GixH;; (@) = ni(h) } , for eachi=1,2,..,nand,
R = { (n,m) & NxM; gn1(n) = nnes(m) } . Clearly, as L; is closed subgroup of a
Pro-C group GixH; ,i=1,2,...,n and R is a closed subgroup of a Pro-C group BxM
, therefore L and R are Pro-C groups for i=1,2,...,n. Define a map a;:R—L, for
each i=1,2,...,n , by ai(b,m) = (&(b),A(m)) , where (d(b),A(m)) € L, for each
i=1,2,...,n, since (Mp+1,Mi) and (Nq+1,N;) are continuous morphisms of left Pro-C
crossed modules for each i=1,2,...,n and (b,m) € BxM .

Clearly q; is a continuous homomorphism for each i=1,2,...,n, since each of
| 0; and A is a continuous homomorphism for each i=1,2,... n.

Define pg= m|Li:Li—G; for each i=1,2,...,n to be the restriction of the first
projection m;:GixH;—»G; onL;, i=1,2,...,n,and pg= 7;|R:R—B to be the restriction
of the first projection n1:BxM—B on R. Also define py= m,|L;:Li—H, for each
i=1,2,...,n to be the restriction of the second projection my:GxH—H, on L;,
i=1,2,...,n, and py= m|R:R—M to be the restriction of the second projection
m2:BxM—>M on R .We need to show the following :

(i) (ay,Ly;a0,Ls;..;a,,L0R) is a left Pro-C n-crossed module .

(ii ) (PG1,PG2r-+»PenPB) @Nd (Pr1,PHa:-.PH-P) @re continuous n- morphisms such
that ,
(H1.M2,-- M Hns1) (Pe1:PG21-1PGnPB) =(M1,M2,- oMMt t ) (P, Pz - Pros P)
To prove (i ) we must show the following :
| (i-1) (a;,L;;R) is a left Pro-C crossed module for each i=1,2,...,n.
(i-2 ) For each lieLjand (b,m)eR ,

(el oz o0, ) = i (1, ey - C0))..0))

-]

-11-
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where i iz%...#i,=1,2,...,n,and = (g;,h) , i=1,2,....n.
For (i-1) define a left action of L, on R by,
(Q;.hi)-(b,l“H) = (g;.b.hj.m) L o
for all (g,hi)eL; and (n,m)eR. We mention here that (g..b,h.m)<R since (b,m)<R
and  (Hn+1,M) 5 (Na+1,1i) @re continuous morphisms of left Pro-C crossed modules
for each i=1,2,... n.

This left action of L; on R is continuous for each i=1,2,...,n ,since each of the left
action of G;on B and of H; on M is continuous for each i=1,2,... .n. Now ,we
need only to satisfy the crossed module axioms (CM1) and (CM2) .

(CM1) For all (b,m)eR and (g, h)eL;, (i=1,2,...,n);
o ") (b,m) )= a®b."m)

=(6(Cb). A ('m))
=(gi3(b) g, hi A (m) hy™)
= (gih)) (Bi(b),A(m)) (gi.hy)"
= (g:,h) ai(b,m) (g,hy)”
(CM2) for all (bs,m4),(bs,m,)eR;
@02, my) = O CD MM oy
= (3, Mmam.)
=(bsbb, ", mym;m,™)
=(bz,my)(bs,my)(bz,my) ™" .
For (i-2) Let (b,m)eR, and (g,h)eL, ,i=1,2,...,n, then ;
(90,P0)-((Gn1,01)-(.((@2.h2) .((@4,h4).(b,m)))...)))....)
= (9n(Gn-1-(+-+(@2-(g1:b))... ))s he(hos.(....(hze(h1.m)) ...)))
=9, (9i,, (---(94,-(@i,-b)).. )hhi, (hi (..(hi, (hi.m))...))),

(foris# iz#...#i,=1,2,...,n).

=(9i,.hi,)-(@i,_, hi ) (@i, ,hi,) (93, i )(b,m)) ...)
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Therefore, (a,Lq;02,Ls;..;a,,Ly;R) is a left Pro-C n-crossed module .
For (i ), we will first show that,
(Pe1,PG2:-,Pan,PB):(01, L1502, La;..;0 0, LniR)—>(81,G1;02,Gy;...;80,GniB)
is a continuous n-morphism. To do this we need to show the following:
(i-1) (paips):(ai,L;;R)=(5;,G;;B) is a continuous morphism of left Pro-C crossed

modules for each i=1,2,...,n ,i.e. we want to show that 6;ps = pga; and

pa( %" (b,m) )= **¢" pa(b.m)
for all (b,m)eR and (g,h)eL; (i=1,2,...,n).
For all (b,m)eR , we have
6ipe(b,m)= 6i(b)= pai(Si(b).A(m))= pai(b,m).
Therefore dipg = pgi0; for each i=1,2,...,n.

For each (b,m)eR and (g;,h)eL; , we have:

Fs( ") (b,m) - PsCib."im)="b = * ") pa(o,m).
Similarly, we can prove that ,

(PH1,PHz: - PHnPM) & (04, L1502, La;.;0 0, Ly R)—> (A HisAg, Hos. ;A Hii M)
is a continuous n-morphism of left Pro-C n-crossed modules.
Finally , we need only to show that,

(H1,H2, -, Hn;Hne1)(PG1,PGz2: PG PB) =(M1,N2,-NnsNne1 ) (PH1 Przs - s PHnsP)

and this is clear, since one can easly show that y; pg=n; py for each i=1,2,... 1,
and Pne1Pp=Nir1Pm -

We mention here that the left Pro-C n-crossed module (ay,Ly;05,Ls;..;00,L;R)

and the continuous n-morphisms pc=(Pc1,Pc2;--,Pcn,Ps)aNd PH=(PH1.PH2.--,Ptn. Pm)
as constructed in the proof of lemma (3-1) are represent the pull-back of
(M1,Hz2,-,Mn.Hner)and - (Nq,Nz,..,Nn,Mn+1) i Pn-Cmod |, which we denote by
((a4,L4;02,L2;.;00, L0 R);p6:PH)
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In the followig theorem we will give the universal property of the pull-back
((4,L1302, L2550, LaiR): PG PH) -

Theorem (3-2):

Let ((ay,Ly;00,Lo;..;00,La;R)ipaipn) be the bull-back of (u4,Ha,..,Hn,Hn+1) @and
(N4,N2,--,Nn,Mn+1) in PIn-CMod as constructed in the proof of lemma  (3-1). If

(61,02,..,60,0 n41):(B1,A1;B2,A2;.; Ba,Ani T)—>(81,G1;02,G2:..,8,,GniB)
and ,

(01,920,090, P n+1):(B1,A1B2,AZ - BrsAn T)=> (A, HiiAz, Ha;. AL Ho M)
are continuous n-morphisms of left Pro-C n-crossed modules such that,
(H1,H2,-,HnsHne1) (84,82,..,80,8 04)=(N1,M2, MM 101,02, P 1)

then the n-morphism,
(81.82:-.8n.8nv1) 1 (B1.A1B2, A1 BnAni T)—>(a1, L1102, L2;. 00, L R)

which is defined by the group homomorphisms,g:(a:)=(8+(a;).01(as)) ,
82(22)=(82(a2),02(a2)),... ... &n@n)=(Bn(@n),0n(@n)),  Gae1(t) =(Bne(t).Grui(t)) is the

unique continuous n-morphism of left Pro-C n-crossed modules satisfying:
(pG‘I'szv"vaﬂ!pB) (§1=§2----§nv§n+1)= (91|62i"iel‘he I"I""|)l and;

(pHI sPHz, - rpHn:pM) (§1,§2‘-‘ -‘Em'canﬂ): (‘P1 P2y Py P n+1)-

Proof:

We have to prove the following :

(1) (§1,82,...En,En+1)is @ continuous n-morphism of left Pro-C n-crossed modules.
i (i) (Pe1.PG2:--,Pen:PB) (§1,82,--,8n8ns1)= (64,62,...8,,8 n44),and,
(PH1PHz:-- PrnPM) (§1,82.-,8n,Gne1)= (01,92,,00, net)-
(i ) Uniqueness of (£1,2,..,0,8n41) -
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(B1.A1:B2.A2:..; BrAnT)

(91,.92,-,Pn P n+1)
\(§1 .§2'--'§n'§n+1}

4

a1, L1302, L2550 0, LniR) T (A, HiiAo Hai sAn HoiM)

(61-92-».en.e r|+1)

(Pr1:PHz1+ -1 Prini Pra)

(Pe1.Pe2.- PG P8) (N1.N2,, A Mnet)
(H1.H2,-..Hn,Hns1)

—_—
(81,G1;02,G3;..,6,,Gr:B) (01,K1;02,K3;..;04,Kn; O)

For (i),we need to show that (§,&..1):(Bi,A;T)—(a,L;R) be a continuous
morphism of left Pro-C crossed modules for each i=1,2,...,n , i.e. want a,.=¢pB;

and &,v1(%4) = 5@ Eue(t) ,(=1,2,...,n) for all teT and a A, .
For any teT, we have,
A&ne1()= Ai(Bnea(t), nea(t))
= (88n41(8). Ao ne(1))

= (BBi(t).pBi(t))  .(since (8,8,.1) and (¢, 0n+1) are continuous morphism of
left Pro-C crossed modules for each i=1,2,...,n)
=EBi(t) .
Therefore a;§,+1=&p; i=1,2,...,n.

Now, for any teT and a;eA; (i=1,2,...,n),we have :

Gnvi( % t) =(@n1(, £ n+1 G t)

=(%@) Bpui(t), @ @ n+1(t)) (since (8,84.1) and (¢;,0ne1) are continuous morphism of

left Pro-C crossed modules for each i=1,2,...,n)
(<]
= }(ai)'wltai))(enﬂtt)!q) n+1(t))

= gi(ai} Enn(t) .
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Since 6, and ¢; are continuous morphisms for each i=1,2,...,n+1then §is a
continuous morphism for each i=1,2,...,n+1. Hence the n- morphism
(€1,2,..,€n,En41) is continuous.From the definitions of §;, i=1,2,...,n+1, one can
easly deduce (i ).

Finally, we want to prove the uniqueness of (£:,%2,..,6,,8n+1) Which is
equivalent to prove the uniqueness of each of g ,i=1,2,...,n+1.To prove the
uniqueness of &:A—L;, ,suppose that there is another continuous
homomorphism w;:A— L; ,satisfying pe wi=6; and pu wi=¢; .

Since pg= m|LiLi—=Gi, pu= mz|Li:Li—H, and peyi(a)=6i(a;) and pui(ai)=ei(a;) for
all a;eA; , then y; must be defined as ;

wi(a)=(6i(a).ei(a))

Hence y; = § for each i=1,2,...,n. therefore & is unique for eachi=12,....n.
Similarly we can prove the uniqueness of .., . Hence (§1,82,..,8,8q+1) i unique .

This complete the proof .
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